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\

BASIS OF POTENTIAL T.HEORY1
..

PART I ~
$.
1 By Th. Schade~,>
i, \

Proceeding from the thesis by W. Kinner the present report treats
the problem of the circular airfoil in uniform airflow executing small
oscillations, the amplitudes of which correspond to whole functions of
the second de”~ee in x and y. The pressure distribution is secured
by means of Prandtl’s ,accelerationpotential. It results in a system
of linear equations the coefficients of which can be calculated exactly
with the aid of exponential functions and Hanke].’sfunction~. The
equations necessary are derived %n part I; the n~erical calculation
follows in part 11.

INTRODUCTION

The present study was undertaken in connection with Kinner’s thesis
(reference 1). It deals with the corresponding‘problemof the oscillati~
circular airfoil.

The specific q,uantity necessary for predicting the forces and moments
of an oscillating and deforming airfoil is the z coordinate of the lift-
ing eurface, z = 2(X, y, t). The downwash function W(x, y, t) stands
with it in the relationship

az+pz lJ
‘~ —=

i
z ax

;;[g Since all o~cillations and deformations of the second degree in x and
Y are computed, the total downwash functions necessary thereto are~>
represented by

“’Theorie der schwingenden kreisf?hmigen ‘Ikgfllicheauf potential~-
theoretischer Grundlage.” Luftfahrtforechung,vol. 17, no. 11-l~j WC.
10, 1940, pp. 387400, and vol. 19,no. 8, Aug. 20, 1942, pp. 282–291.

. . —
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w =[A +Bx+ Cy +Dx2+ExY +3?Y2] eivt

wherebr the constants A . . . F may,aesume any ccmplex value~.

For abbreviation d? the subsequent formulas the following s.yrnlmlic
style of writing is introduced

[
~;’~. . . ~f(z Xo) ;:: [u-z]=

///

;,
J“.

<0 “’ > _Y

~ + ulizcosa

(zcos a + isin CL)n

+ uizcos u
e

(zcos a -t-isin ct)n

~ + u)iz,cosa
-4 =2R

(zcos a – isin a)n (

+ uizcos a
e

\
=21/

(zcos a - isin a)n

dz

‘Zydz=

Y 1! i&

eoizcm a
————

(zcos a + iflinCL)Z1)

.
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THE VELOCITY ??O!t!WTIIL (reference 2) ., :”
. ,.,

The flow velocity
x-axis in direction of
tion to the right, the

With w denoting

. . ...,. —. . . . .,,—....,.... .. . . . .,.

of the circular.airfoil is c%~’t~~ ~~(’vi~.”-the” ~
V points rearward.,the Y–aXiS in SP~T d:i~ec- ~~
zais at right angles upward (fig. 1).

the velocity vector, Q the acceleration vector
and t the-time, the relation

al’, ,aTT. ,. ,,..,Q=3+=v’$~
.)

is valid.

‘Then the introduction of ~ = grad ~ and y = grad @ followed by,
integrationyields

d&Q’+~dg

‘“at ax

As shown later on, T indicates, up to a certain factor,’the pres--
sure at tho upper and lower surface of the di~k direct; hence T may ah
be termed tlle,pressurepotential. ,, .. .

Then if the pre~mre Yotential d% Y? t) i8given, the ve%ocitjj
potential @ can be comput~d from the above equation:

=..,--.,

The i~tf3gl?a.tiOX.lis carried out a$ter putting

x’ =x.-v(t.-t~)

where x, y, Qj and. t indicate the coordinates,of the st”artingp@t.
The pressure potential p sati~fies Iaplacets etiuation ... ..,’

Aq)=o

whence, after putixl~

‘?= C*(X, y, z) f(t)
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V(x, Y, z)must Batisfy the condition A$=O. For the present f(t)
is any time function and C a constant. The time functj.onfollows from
the requ~red ford of down~sh. ~ut since this shall be haraonic in t,
f(t) itself must be a harmonic function. Tlnenthe vertical component d
the velocity is

The form of the lifting surface folSows

at

from

ax’ -1-F(y, t - z)
‘\ ~)

.10

where function P serves to assume any poeition of the wing lead3.ng
edge.

The pressure potential p to be
ous function on the circular surface,
other points in space.

defined then nwmt be a discont5.nu-
but a continuous function at all

THE POTENTIAL FUNCTIONS Ol?TEE FIRST KIND

J70rthe sake of brevity the reader is referred to Kinrmr’s report
(referencel)lTherethese Troblems are treated in detail.

Laylace?s equation

~~=~+6&F~Q .0
ax2 & az2

is tmmsformed to ellipt3.ccoordinates through the orthogonal trans-
formation

A



NACA TM No. 1098 5

~“i h/l_.@ Jz--F C,os ‘d:’ “
.- .,, ..........

y=dl-pz 4/~2t3in4

z = ‘:til-l .. ,,
., ,.:

The x, y, z coordinates are made dimens+on,}esswith ,~hqbase circle
radius c.

,,:, ,’,

With %&e applicationofa separation theorem, the’~emdpoten%ial
functions of the first kind with discontinuity at the disk then are
according to Kinner (referenbe 1): .,.. ,

,,

n + m being p08%0d odd, C: denoting a constant factor,“andfactor

(n- ‘)! merely serving to’+simplifythe calculation.
(n+m)!

.

I)OWNWASH

The downyash,is then computed for the potential,functions previously
enumerated,”resulting iiithe fol’low”ingdownwash exp~es~ionq:

1?= i’(x,y) eivt + e
i(vt -cd

%(Y1 (3.1)

--imx
where f(x, y) is a whole rational function, but e t3(Y) is trans.
cendental in the second term.

The dowmwafihfunctj.onsare so selected end llnear~y ,super~nposed
that f’(x,j) exactly represents the requtred downwash.

‘(~%-x) is then inadequate ~til~The term containing the factor e
for representing the disk motion. Subsequently, it is linearly superposed
with the downwash functions of the second type, SC)that this total term
disappears. The solution of this problem is hereinafter termed “com--
pensation calculus,” a detailed discussion of which is given in the sec-
tion, Compensation Calculus. It affords the linear equation systems,
the eolution of which gives the coefficients for the prediction of the
pressure distribution.

— —— ——— . —. . ——
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To compute the downwash, it is necessary to form

‘“df( )?.k + dx
n v z —> ‘o,

-co

the integration ‘cakingplace on a streamline.

(3.2)

With X. =* ~1 –Y2 denoting the x coordinate of the d.icked.geand

: = &=Yy2 + ~,

.—
the radius of any sphere about the disk center, the

c

total integration space can he divided in the outer space with r> c
and the inner space with r< c.

It proved advantageous to carry out the integration with respect to
x according to (3.2) separately for the outer and ,innerspace.

Equation (3.2) is written:

—al –Xo ..
For the integration over x in the plane of the disk (Z =0) tho

following formulas should be considered:

1. For the outer space:

v =0

dq o
—=
dz

2
X:=1-Y

rXg +qa
Cos’$= ~ —.—.—

1+72

dd
—= 0
d.z
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. . .----- ,. 2. For the innerepaca:

all
oz=

7 =0

J 3.-1.12

R13PRESEh?ATIONOF FLAPPING MOTION

7Jti
—= o
az

The requisite downwash formula for the flapping motion reads

w= ~ eil~t

the pressure potential

7

(4,1)

(4.2)

being used for the representation.

Then the downwash follows at

-m
which gives for inner tiyace

..

– x~

,.
. . .. ..-. .—
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and withl~(~—r]= eJ(X — z’); from co= + follo~l W!. =f(l–xa lnsrcctgz, is’-l) ;% d.

1
—

fl, {=-~~ei(vt-m’) ~eimx<dz,
. . . (43)

and, afterpartialintegration:

The downwash for the outer space is:

For the solution of the integral
the following substitution is made,and
this is equally applied on all further
outer Bpace integrals:

~=zols’—l Vxi+q=xos

~&=~&”

In the subsequent calculations the
facbr cQJ(7ti)

is then omitted,
T

and indicatedby dash over W.
Herewith:

a

W!..=& [ 1Z~. WC Ctgzef81—l. e-wi*8 +

1
m e—cni%a CO.

e—mix. s

+s ~~ J
.— _ .

1
d’+;, #&;_~ ~~ ‘“”

whence the downwash of the outer space

~.. =–&e–@t’*–~iI@ (co..,)+ ,

03
—loix, s dn

.—, . . . . .(4,4)
+&l\ ~::il–zt 1~–1

denotes %nkel ts cy~indrical function.
The solution of the determinate integral
over s is achieved by trdusformationin
an indeterminate integral over LO. Putting
Y= sinu, ~ = cosa, then yields

Ca

f

—coi*# d*xos. e J
~me—wicosa. a

(

1
—2 2 “-=- y8*_~
%s +1—s$ y8Ll 2

+1
)

ds =

\
s.cosa+isina s.cosa—isina

m
1

[j

e—wi(scosa+islna) m

J

e—wi(s. cosa—i sina)
—msin.2=—e _ds+e”sin”

2 (s.cosa+.isina) ~s;—l –1 ds .
(s. cosa —isina)~ss—l

In this case, however, the relations

Jdm
al~—cui(scosa+ isin Q)

I

e—mi(scosu+ isina)
____ds=-i

Z (u. cosm+isinct)~s’-l ~~
ds = —~. eosina~02)(cozO),

1

!dm
me—coi(scos a-i sins)

1

e—wi(s. cosa —i sina)
_.____ ds=.i —— ds = —~ e–wsina H~2)(OJXO),

Z (8. cOSa —isina)~s8—l 1s’–1
1

hold true, and with it the above integral becomes:

al

o“
OJ

= ~QO(d@n b sin4 + f PO(d“SIX(COsin4 — ~ f H~2)(?JCosa).Eof[(m—@sin&]d~, . . . . . .(4,5)
o

the constsnt~ of integration ~p) _ ~$1) being computed according
to (reference3):

al

Cy+l)= I
1 da

( )
K ~ P2K T iQz K

(s cos a * i sin B)
-=(–1) s

2=+1 y’ss_l

co

1

. . . . . . . . (4,6)

.c#+‘)=

J

1 — _
(scosa+isina)z=

1)= Q2K_1+ ifp~K_~& –(– ( )

‘u) here denotes the real reduced frequenoy,while ~ in the subse–
quentcalculationsare integrationvariables.
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The total d~waehis .,. ; ,
Mq=wq,,+m..

and herewith
=~.q ,ivt q

[
~= —5.7. =+~. e{(7f”–-’)—~i@)(a. cos4+’

.-.
+fiJ@) (a~a)”af[(m–~)sina]d~+

o

+&.6in”(osina) “h ~~j~~ +

+
1

+mf(obsim) . . . . . . . . . . . (4;7)

The indeterminateintegral over m
leIdefinitelycomputableand is given
lateras seriesin m.

REPRESENTATIONOF TORSIONAL.OSCILLATIOIV
ABOUT TEE Y-

(REWTIOM oscmATIorO

The requisite downwaeh formula shall read:
~= B.s. e{”t . . . . . . . (6,1)

TMs furnishes the potential function
c:p ——~$=T.Tyl —p’ i l+q’ x

(x 3 l;y )
———3~arcctg~ cos~. ei-f. . (5,2)

With the aimn tram3r0rmati0n3the

9

By comparing this result with I%e
outer space:Integral of the flappihg
oscillation,It can also’be imitten in
the form .

whichmeans:

The first term gives the requisite
downwash and, in addition, a flapping
oscillation,which can be compensated
again by linear superpositionwith W1O.
puttingfor this purposec:= o~K;

and forming w;+; F@=wK.
1

gives the downwash -

dc%n.waehfor & Inner space problem reads:
1

m —wix.8
+& AJ~’:’; :=gsfti-l 1_ds . . . . (5, 4)

1

In this foimula the integrals are
already known from the calculation of

W=o. (See (4.5).) Moreover, this rep–
resentation is beneficlal for the com—
pensation process later on.

REPRESE~ATION OF FLEXUML OSCILLATIONS

In the course of the synmetiical
oscillations of the disk the oscilla-
tions with parabolic deformation

W= Dx2eiut -W. F yzefti, re-
spectively,are dealt wl.th. To pro_
vide simpler expmes ions for the down-
wash calculation, the followlng linear
combinationsare instead used as basis:

J

WB,L= D1.(z?+Y*).e~rt . . . . ((j,l)

WB,Z=F1. (d —ys). e’”t

The individualdeformationsare
obtained by additive superposition.

i ..==_ . . ..- -. .
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The representation of the first requisite dounwash under (6. I.) pr~ ‘“’””
ceede from the pressure potential

~:=&*2 -s~(;++:-w+’~
)

—arcctg~ .eirf2

The inner spaoe problem yielde the downwash

end the outer spaoe problem:

co
35—— —

U
~ #s2-l)+;.- ‘1‘Oy~—l(5x~(s2–1)+3) arcctgzO~s’—l ~–=ds.

1
y#_~

Then:

\
.~ ‘(s2—1) (1 —CCovsz— 1 arcctgzo ~ s~—1) ‘1–-

(

—

ds=—
)

,d;:!’” ! x:-w;,. . . . . . (6,2)
i

That

Ineertion of the value aocording tb (4.4) for ~,a affords

w

( )(9 +$g+&–&2-&+$& -––~= -AL-i-—~-;-i zose

y M-++1-zg ys’—l )
. . . (6;3)

lb first part of (6.3) yields the
required expression for the dowwash of
the bending oscillation, combined tith
a torsional and flapping oscillation,
which shall now be caapeneated.

the

By putting
~=wiK~

forming

utilization of the relation

>-

and of Bessel% differentialequation

d~:,I&)(~.ZJ+ z~.H&2)(OJ. z.) = —:& Hj21(co. SO)

. . . (6;5),
Ch81@S (6.3) to

Wj, = !!v~. ~ ~ (~+ ~z)..ei~f+

K:
+V

. ei(~f—f,,x)
(
—.; .-: cuH~21(O. Zo)—

m

J

—i[ox Os ds—.
:- (:;:&- z:) ~sz—1 )

.—A—.. . . . . . . (6, 6)
--

z: ! —wix, szos. e In. d——. .—..—— —.
%s’+1-xg & ‘;”Z’ZH$2)+

Fcm&.a (6;61 gives the requisite down.wi
i

w (6,4)~tihrfi a *diti~ ~~ W be Compensated

(
1 1 dz “ zos. e–c’)ix”s lb second oscillationgiven under

.i.;l— —.—
)( ~ (6.1) $S obtainedthroughthe pressure po-WL dd 43s2+l—Zg.~52—1 ~ntial
.
1
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q: == c: —P’+P

(
(1+2/’) 15

end for the outer spaoe
—&-&*—

..
8

)
—15narcctgq cos20. ei”f . . . . . . . . . . (6,7) ,vg,.=~J+(l+.2) p5_;:4_-(&_.

The doii’hwash‘of- the:-innerBpAce then reads
x — “i5~arcctg’~

)
“’c”s”20“ei-f~dtj, ‘“ . -

w:,, =+
J

/~” .
—~m(z’’—yi)ei~dm,m, with y

—x, ~~,/~qz “’”~o~ ~ ; : 2 ‘(z:’+ ti’~ _ ;.

~,i = ~g [~z. &3(—Oaz*—2imz+2) +#wzyZ]ei”f+
1.+ q%

,.,0=– ~w ,.

+g~ei(rf–~~x) 15 1

.,
,“, ,

I
—-(+co’z;-2im%-2)—mm” ioJ’

1–i&~y2e-iax” ”””” ”””” ”””” ”(6’8)
or, after substitution In s: .,

With @,a and i~
(6.2))at:

03

1

-J(

5 2

)

e—,oix, s
—

8 2 +(.:s’+1–.%s~zg+l —zo “: ‘2 – 1 + ‘:) --- ‘s”

derivatives, the total downwash fO11OWS (cf.

it then affOl?dS

AIEL1OROUSIY

For Y= sina;% = txtsa with allowance for

w

!
C—iv{(s. cosa-isln.)

03
d

J

=—rni(s.coca-isina)
_ds=—i

X (8. cosa-isina)s~sl-l
_ ds,

(s. cos a —isina]~si —l
1
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Constants C!*) and C(I) are again computed by changing to the

stationary value 20+0 a~cording to (4.6).

These quantities posted in (6.10) followed by the integration in the
triple integrals over s, which gives Hsmkel*8 function, result in

f’~~–1+~ U–”f=’

(Zas’+1-aw 1=
ds=—Ql(y) .fSOf(fosin a) +i~Pl (y) .Gin(cosin&)—

.

—if. @Po(y). $of(co Aria) +co. QO(y). Gin(~sina)+~ i
JT

HO(*)(~. cos a). 130f[(o — @ sin a] d Zi.

0+
Putting

C~=icoK~

and compensating the torsional oscillation still exist@j in (6.9) by fonn-
ing

W;=w:+; .gw:.

the downwash formula (6.9) then becomes

The term stillappearingbeside the requisIte flexuraldeformation
mustbe compensatedlater on. The downwash formulas are all changed to
reduce the paper work to a minimum in the subsequent compensation process.

The pure flexural oscillation in x or y direction could now
equally be formed. But, since the downwash fomnula WzB is very simple,

while the formula for $ is much more complicated, it is advisable to

postpone the lineer superpositionuntil after the compensation calculus.

REPRESENTATIONOF THE TORSIONAL OSCILLATION ABOUT TBE X–AXIS
(ROLL OSCILLATION)

In connection with the oscillations symmetricalwith respect to plane
x- z~ the unsymmetrical oscillationswith respect to this plane with de-
formation of the disk are analyzed.
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The rectuisitedownwash shall read: .. ‘

“JV=C.y.e*>l. . . . . . . . . . . . . ..’. . . . .. (7.1)”
The calculation eucceeds witi”the pressure potentihl. “. , ., ~

-, —“-”1- .“””’ ““--”... . .. ‘~;=~g~l —-payl+-y’p-l+q,
)

——3qamctgq sint$.ei’f. :. . . . . . . . (7, !2)

The downwash formula of the inner space %ads:
.. .

.’...’ ,. ’...,

.
and that of the outer epace .

or, with the previousI.ydefined abbreviations:

Besririgin mind that

with the constant

the total downwash follo~ at:
w,{= w~),+ w~~

It thus affords the reqM.site downwash (7.1) and a term to be C~-
pensated.

BENDING OSCILLATION
The lest oscillationwith a dtsk deformation of the second degree in

x .and y shall be represented by the downwash
JV=E. %-y. dirt . . ..-..”... . . . . . . . . . . .. (8.1)

It is solved with the pressure potential -
.

5

)
—IJ;+JJ (1 + V’) (M- l+qig=~; —— ~l~qt)l—ldvamctgn sin20.ei’~. . . . ...(8,2)

The downwash formula of the inner space is:

and With
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that of the outer space reads:

Oa .. .

[(m!=-+ 1~— —)
—(cJix. s

l+”s$:d-1)– (ZW+21-SW –15%Ramctg”0iN–1 y

zos. e

frf.ds

S:V.TVL.++’Y
r

*8.e—@~~
i(4.*+l_4)* ”*”””.”.””” . . . . . . . . . . . . . . . . . . . (8,3)

A180 applicable is

qJ m

1

[!

emdnm e— mi(scosa —islna)

f

~—cosine ~—ol i(seosa+isina)
_

‘~ 1~+–1 (s.cOSm–iSina)=ds–, ~~ (scos~+isin a)’ ‘s “
i.

which, after the usual differentiationsand transformations,gives-.T-
rn

J*8.e-uJix,*
- (~s’+1–z~)’ .*”=

where C$ ) and C$2) denote the valuescomputedunder (4.6).
1 1

hce
w

J
-—m”ix, *

Z* s Ws d 8 1. .,—
, (s$s’+1— # ym “ -a (

–Q1.Gin(cosina)+i~ P1.60f(cosina)+
,!)

+Q,.mCof(Osind)—if PoGin(OJsina)+ ~i efJ )
H~2)(Z cos a) Gin[(w— Zo)sinm]dib . . (8, 4)

O*

To obtai~ the ‘requisitedownuash put
~,=~i~,,

form

and obtain:

U3 m

)J
—lo ix,* de

+(:io+:+
zos. e

!

—fuiz.8

--z s “ “—=+; (:;:~.; 1 – 2$)’ 1.::1
Sos +1 —zfyg*-l 1

——. ._ . . . . ,., (8, 5)

the s%quieite”downwash with the term to be compensated

Herewith all the downwash forms stipulated in the introductionare
computed, and proceed ta the potential functions of the second type to
be used to effect the compensationof the superfIuous terms of the down–
wash function of the first type.

Obviously other higher potential functions of the first type afford
further disk deformations,whereby the downwash functions become continu-
ously more complicated.
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On %he other hand the third
POTENTIAL FUNCTIONS OF THE SECOND TYPE Cartesian coordinate x provides

very simple and comprehensiveex-

15

a

pression-asreal p&t of a complex
Theseare obtained from those of the function

first type by a limiting procees. For j,.

this purpose the linear cotiination v,=. .Oj’%%&p+*)fl’$~
~=~~
n

a~:+l dp ‘tiy$+l ,,, -, ,., ,. .
—--. {:+(; +1)”+ (gjl)wft~~he I’Ol;tiony.=~~”~+ ~v

is formed, where c is the radius of the ~ts+ys z;+ /L1

circular surface. The *n also satisfy
~=—

P’
existing between x, y end W.

the potential equation.

This differentiationcould, of course, The downwaf3hintegral gives in
be equally applied to the downwash of the t~ s~tionarY on~ f~ctions in Y
potential functions of the first type for alone, that is, the order of magnitude
obtaining those of the second. But in of the upper limit plays no part; in
this instance it Is found to be simpler this instance w can be disregarded
W compute the functionsaccording to with respect to unity.

(9.1) and to define the related tiown–
wash, because the final formulas follow After this simplificationof the

downwash formula (9 5), the followinga pattern. Again the pressure potential substitution is ~;

%=%”ei’l”const . . . . . .(9,2)
:

is valid, whereby Vn is as in the i

ZS
7J=

1+ /pco#@$
i

u~= 1+—~—,
/4/cos~&

stationam case, where y = sins
. On putting

p(l—,uq~ cos n t?
~“=c.. ist. . (%3) g“ (u) =

~ivt eiwl

(Y’ + %“) (1+ # ‘in n o (u cos a + i sin a)n + (ucosa—isinai’

These potential functions approach the downwash integral changes to

infinity at the entire disk edge as l/n.
m

J
i%(u)

The downwash then follows at
wn=+..$-:g~z. —~u,_l*dU.

IJ.
~v_ld

n V dzz-~o 1
wn(~>wz.t’)d~ . . . (%4)aft.erwhich the dlff~rentiationwith re-

spect to z and z~Oo is readily cex-

Formula (9.3) can thenbe written a–
ried out. It results in:

gain in the c&&nates Pj y, z wherebywm=l~. (—1)”
[s

i%(u)— G (1)
v 2COS*U ~~l~dU-Gt(l) +i%(m) 1cosnd must be devblopea in a series of

sinnd

~~~]. Formula(9.3)giveswith cosnd

the ~ymmetrical, and with sinn~ the un–
symmetrical,potential functions. For
symmetricalfunctions the development
then would give

{!dFIYA=Gq--;qji [(1—P9@*+z’)—P’Y’1”~1—

-&)P’,’[(1-P’)@’+z9-#’y’]+-’+
+&)#’Y’[(1—k9@’+ z’)—P’Y’1+–~ + . . .

}

i As this expression indicates, the
prediction of the dounwash would neces–
sitate integrationover the surface else
the total expression for the operator
a becomes indeterminate. This
azz-o

would lead to seriousintegrationaif–
ficulties in the nonstationary.

.-.
1 . . . (9, 61

Here Zn(-)=O,lforn> ().

With. (t— ‘t)=oJ (z-z’) ~

& (u)= ei(’t—~x) ~n (u)

the downwash formula (9.6)becomes —

w..~ J=.-
[f

--.(wn(l)d1)” i(,t.ox) _
v 2cosSae 1u—g“(l)+gn(co); yus_~s ,

. . . (9,7)
Partial integrationaffords

f

+ ‘dgm (U)— .=
du ~USu_~du”

i

Whence (9.7) becomes

, :la\f, du”””””;&du_
~m=l. (—l)m’dgm(u)

1

[
1

– (g.’(u) –g. (l)) -*m–6”(l) +6.(m)).
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that is, for anyn>o:
a.

!dgn , UWn=$. ei(’f-[”=). a — —
iu’–l

d U (9, 8)
2cossa du

i
l.n=o.

With
dgO~=2i@cosae+ *~”c’79”

y= sina z’=u. cosa

the downwwh reads

and withHankel’sfunction

(9.9)becomes
Co ei(”t–mx) d at .W,=T. ~sa ~ –( )

‘+) (OJ.cos a) . (9, 10)
“Wdcs ~lHO

Because
L #:)(=)= — m;)(x)

the domd&sh formula finally reads

2.n=l.

With the abbreviatingstyleof writing
~iioueosa ~iluueosa

gn(t!)=
(u cos a+ i sin a)- + (ucos a— i sina)= =

(

Jleumfla

‘2” R (ucoaa+isina)n )

the downwash reads according to (9.8):
m

J(
~imucoaa

t%=~ R
cos a )(uwsa+isina)g &du–

m
ifm

J(

eimucoBa
R

)
u—— ~ d U (9, 12)

20s a ucosa+ikin~’ .~ui —l

antiWith
co

!
eiwucolbz

d;) = , du

(u cos a + i sina)” ~ZT

(.
m

J

eicoucona

G~) =
(ucos a – i sin a)” &

the integral can be expressed with
m

~

U.ecoiueosa du _ 1

(1
E i H&l) —

ucosa+ isina f= cos a 2

cm
isina

J

e{cOucoB.
——

6.0s a UCOCa+ isin~ “ &

,.
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m

!
U.=miucona

-+iH~’))+.cosa–isina “ f* ‘, cos~ 2

m

J
isina *iviucosa .

+
—,

cosa wcosa–isina“~u::l

w

J(
eimucosa

R
)

u.dti

(ucosa+isin a)’ “ = =.
1 @j} +@) sin ~. 42)_ 42)

. —.
2

—i—-— —.
Cosa 120Sa 2

The general calculation of the func–

tions G~n) and G(n) is carried out by
2

the method employed in the preceding chap–
ters and thereti= not discussed in detail.

It resultsin:

G(o)where denotes Hankel$s function

(1) 1
:i~ “ In this gm.nnerthe individual

G functions can be successivelybuilt
up with Hankelts function and solved.

TM constants Cjn) are defined

accotiing to formula(4.6).
Thatmems :

[
@k)=e+@sina(-l)k Q2k_1+ ifp2k–1 —

2

— ,( )iOJ ~p2k_~~iQ~k—2—

( )—~cos Q2k_8&i~P2k_2 +. . . ...+

+(-l)’”i’’ffff’~’)’+a’’n”d=] (914)
o —*

. . . . ,,, ...- ,.-..——..,,...,-,-,., ,,, ,, . . —..—
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I,,

{ Now the relation (referenoe 3)

(Y*– 1)~+ s, ~(Y~n —~n-l), . . . . . . . . . . . . . . . . ..(giq

exlstebetweenthe spherfcalfunotions Pn which also holds for ~.

Herewith the above downwash formula becomes:
.

n ‘p’~o[(~y)—i~.~in(my)+~ “w,= >- -c
{sCOS*a L

;iH&lhZo[[(o—@y]dm-

0

(1) before (9.11)d H~J. –cOSU Hzthe applicationof the relation —
afforalsthe final formula b

3.n =2.

The domwaeh reads:
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. Accoraingto (9.14)E@ (9.15)* dommh”(9.18) then reads:. ~~

The existing multiple integrals sre reformed by repeated partial fnte–
gration as follows:

(.J

h f lxof [(co-m Yldfi=_
. . . . ~ i Woi)

2 Gin [(OJ— .5) y] (n:l)l J
(OJ-i5)”-’~j~l)Wf t(@—m)Yl~a,

0 6m [(01-?5) y]
. * o
“-

n

Conformably to (9.15) thiscam be consolidated in the downwash func–
tion Wn in the following manner:

. . . . . . . . . . . . (9,19)

if the last”two integralson the left-handsideare combinedand trans-
formedthroughpartialintegration,by putting

Further allowance for (9.16) and for-the fact that

affords collectively:

+Q-Cosas 1
(m—a)a~i@/) (mcosa)Eof[(w-tij yJfi . . . . . . . . . . . . . . . . (9,20)

o

‘h downwash formula is readilyThe general construction of the n
apparent from the foregoi.ng.
It iS

. . . . (9, 21)

Thesesymmetricaldownwashfunctionsof the secondtype,which are
even in y, are suitable for the compensationof the terms In the sym–
metrical dounwash functione of the firet type (.4.7),(5.4),(6.6), end

(6.11) which carry the factor ei(ut-) smd are for that reason unsuit-
able for the representationof the airfoil motion.

For the compensationof the correspondingterms of the unsymmetrical
downwash functions of the second type (7.3), (8.5) the unsymmetricaldown–
wash functions of the second type which are odd in y are derived similarly.

The potential unsymmetricalto the x – z plane reads

II
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~n=?@’;(;’;(fT’;)n/’si*~~’*”t“ “ “ “ “ ‘ “ “ “ “ “ “ - “ . . (9, 22)

For computf~: the downwash.the similar complex ,styleof ~iting is
reeorted to

Application of the same transformations used in the prediction of
the symmetrical downwash functionjand putting

( 1

(u. cos a $ i sina)n )(

‘iwucosa
~n(u) =Cfoucosa ——

(u. COSa
— =21 —

— i sin U)m )(u-cosa+isinm)~ ‘

yields the corresponding downwash integral at
m

=i(*t —cmx)

,w. =$~. (-i). (—l)”.
J

dgm (u)— ._
2Cossa du ~u,U_ldu . . - . . . . . . . . (9,23)

1

The subsequent calculation of the integrals proceeds in the ssme
manner as for the symmetrical downwash functions. The general term for
the unsymmetrical downwash functions then reads:

It is readily seen that this method allows a continuous and lucid
presentation of the downwash functions of the second type, and further-
more, that with uJ~O the ss?nestationary values of the downwash
functions are obtained as in the cited report by Kinner.

THE FLOWXWF CONDITION (cf. reference 1)

The condition for smooth flow-off from the trailing edge implies
the disappearance of the values of the potential functions for

/4=() ?j.=() —: <v<+.:
This condition is satisfied for every potential function of the

first type, because they disappea~ on the entire disk edge. For those
of the second type it hqd been stated previousti that their values ap–
preached infinity as l/1.l●

For the linear superposition of the
sum of potential functions of the second
must approach zero at the trailing edge>

ccmnpensati.onprocess an infinite
~ype ie formed. Since this s~
the conditional equation is:
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cm m

I

n
cakcou2kq+

)
c*~+.lco8(2A+l)q = o (10,1)

k=o L=o
To evaluate this relation analytically,multiply (10,1)by

COS(2L+ l)cp; and integrate over q from O to ~.
2

Then

:. (-/+1 (2X+-1)y
(,-l)k c*

c.2~.+1 = —— (10,2),
1-f

For Unsymmetrical potential
of smooth flow-off reads:

.03

y
~~sin2kq’) +

;=0

Multiplication of (10,3) by

functions of the second type the condition

m

7 E2~+1sin(2h+l)cp =0 (10,3)
L
?!,=0

sin2 Kq followed by integration gives

ko

c(:”I~ENsATI~,~c~~us

The general expression for the downwash function
is according to (3,1):

w= f (xjy) eiut + e
i(ut-x}

f3(Y)

where f(x, y) eivt exactly represents the requisite
downwash functions of the second type are represented

Wn = cn~(y) ei{~twx)

of the first type

(11,1)

downwash. The
by

(11,2)

-— . —.. -1



I’UWA!tMNO. 10~ 21

Equations (1.1,1)and (11,2) are linearly .euperposed, so that the follow-
.

Ing 18 ‘complied tith ..—,—. . . ,.-

03

(11,3)

&..
whereby g(y) and ~(y) both must either be symmetrical or unsymmetrical
downwash fvnctions, respectively, the ~(y) are generally read from (9,2)
and (9,24). The odd Cn (n = 2A + 1) and even Cn (n = 2k ~ respectively,
follow from the flow-off condit$on treated in the preceding section. For
the stationary case (w-+ O) the orthogonal cxacteristics of the
spherical functions is employed In the analytical problem, resulting in
infinitely many eqmtiQns for lnflnl*ly many unknowns Cn (reference 1).

In the nonstationary [c)+ O), no orthogonal functions to hn(y)
are known.

In view of the repeate~ occurrence of the terms in COS% in (9,21)
and (9,24) the orthogonality of the trigonom@ric functions is employed.

The problem could be solved for symmetrical g(y) and hn(y) {H, 3)

by multiplying

But ‘~
dy

with cos 2ka and integrating from _~*+~m
2 2

has the general form

af+J al(y) l+y
.=— +bl(yj in —
&y l-f=’ l-y

where _al(y), and bz(y) are polynomials in y. Since the denominator
(1- y’) would impede the inte&atiQn over IX,-

COW%X cos2ka and then integrate. It affords
mgeneous linear equations for the still unknown

The unsymmetrical dcwnwash functione of the
are largely provided with the factor y = sins

multiply (11,3} by

infinitelymany inho- .
C*.

first and second type
but, for the rest, ewen

P, again in y. So in order to enab~. the use Qf the fitegrations ov&

multiply in this case (11}3)by = cps2ku and integrate over a

_?L to+!!.
2 2

u,

fmm

— — —.
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The result is again an infinite number of equations.for the still
unknowns F2X+1.

The constants Cn and F’, respectively, are, then, functton~ of
co only.

ETWSSURE DISTRIBUTION, LIFT, AND MOMENTS

From the relation

~+igradp=o (12,1)
P

im~osed by Eulerts equation,~and ~ = grad CP follows the equation

P9=P0 J-P

where pm is the static pressure at infinity.
pressure per unit of surface in a point at the
sure Jump, is:

(12,2)

With it the resultant
a,irfoilfor short pres–

n (x, y, t) =pu-pob. =o (Tob –qu) (1.2,3)

where ~ = O in the potential functions. Since the values of the po-
tential functions on the upper and lower surface are inversely equal,
equation (12,3) can be written

n (X, y, t) =PU-pOb=2p~Ob (12,4)

Hence, with the values of the coefficients of the potential function
defined by compensation calculus, the pressure distribution can %e solved
with (12,4) as it will be achieved numerically in part II.

The lift follows at

A= j7r* Fd

.)..

(12,5)

with the surface integral extending over the disk of radius c.
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With

23

(12,5) becomes

2-n 1

Bearing in mind the remtion

2’1-r

J

coa ntpdtp

.
0

It is evident that

A: = 4
-zpc~
3

m
while for all other cpn and

(12,6)

2TI

= Q r sinnQdq=O n=l,2,3 . . .

c;‘am.)t A.

=4YCpC2C9 eiut

cpn the lift disappears, so that the

(12,7)

calculation of the total lift becomes very simple. Thus the total llft
will scarcely depend upon the convergence of the Cn coefficients.

This does not hold true for the pressure distribution.

The pitching moment of the lift forces about the ya.xfs reads:

Witlhthe relations given in the lift calculation, it affords in
this indmnce

while the

M; = 4
—7rpc3 C> eiut Ml = ~YTpC3 Cl eivt (12,9)
15 3

moment for all other potential functions q: and % vanishes.

Naturally, this applies only to symmetrical potential functions. If
they are unsymmetrical to the x, y–plane, the forpulas (12,9) indica@
the amount of the rolling moments, in which case the correspondi~ C “oS
the unsymmetrical potential functions must be inserted.
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‘PARTII

By K. fiienes and Th. Schade

ThiEIpert deals with the aerodynamic coefficients for downwash dis–
tributionswhich are arbitrary functions of the second degree, that is,
in the range of the reduced frequencies u = O to 2.0. The pressure dis–
tribution is secured also in several cases. The numerical results are
illustratedby graphical representation.

INTRODUCTION

As already explained in part I, the pressure or acceleration poten-
tial is put down 8.ssum of potential functions of the first and second
type. The functions of the first type are obtained by,a separation theo–
rem from Laplacess differentialequation @ = O after introduction of
elliptic coordinates

1 COSmO i.~(n—m)lcmp#@)Q#(~q).~hm8 e . . . . . . . . . .
mk%~)=~”(n+ m),. . (1,1)

The potential functions of the second type are obtained by differentiations

of %+1 with respect to the base circle radius c for constants x, y,

and z.
n

,u(l-py~ cos n 0
q“ = c. ~ivt

zsinn~ . . . ,.’ . . . . . . . , . . . . . (1, 2)

W+ d) O + ?’) 2

The
ing
and

downwash velocities induced by thesd potential functions at the lift–
surface – termed downwash for short –have been calculated in pert I
are briefly restated here.

The potential p,=iw~f. . . . . . . . . . . . . . . . . . . . . . .(1,3)



.,. . . .... . . .... .... .

a

(The teum ~ be compensated (cf. CompensationCalculation) ~fi,& ~ the

faotor -7 we same aa for the downwash funotion Ws (1.4)

d =i~+++q~ ,, . . . . . . . . . . . . . .. ’..’’ . . . ..{1S9)

1.
r

+#-1+* ~-i*s
4 I—–’@l(a@+.l—#-yP=id’ ““””””””””””””””(1’1O)

of the potentialfunotlons sntisymetrical in y

yields ~B=ioz, . . . . . . . . . . . . . . . . . . . . .. (1.11)

3Z 1
w~=—T”T”~ [

.~”’++.{(”f–-’) +y. co”:@t’(@%)

Hereby ,,

i

11’ .-
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,

. (1,18)

the antisymmetrical

(“ ‘SIlt(w y)-i$$COf (coy))
‘(n:l)l””-’ ~ dy

i?l-1

(
“U&of (aly))dQz ~in(oy)+~c ~v——

(n–2)1 ‘“-z dy
in–%

(n dP8 .
)1

dQ’130f (u)y) + . . . . . . . . . . . . . . . . . .. (1.20)
–(.–3)10’”-S TwG’n(oy)–iw

COMPENSATIONCAWULATION

The downwash functionsof the first
type can be generallywrittenin the form

WC=/C(% y)ei’t+ go(y, O)ei(”’-”’x) . . (2,1)

where fa(x, y) is a polynomial in x

and y, while ga(y, 0) contains tran-

scendental functions. This second term
is “compensated”with the downwash func–
tions of the second type, which me of
the form

W~=hn(~,O)ei(’t–wx). . . . .(2,2)

The condition reads

that is,
co

—g.(y$~)= ~ ~mn&(?/, @) . . . . (2,4)
>1=0

To arrive at a numericalresultfor
the coefficients~, n, the infinite

seriesis brokenoff with n = 4. Fur-
thermore,equation(2.4) is multiplied

by Cos=ucos2kcdu(k = O, 1, 2) in the
case of the symmetricdownwashfunctions
and in the entisymmetriccaseby
Cos=u

cos2kada
sin u

grated from O

first equation

(k = 0.1) and then inte–

to 5. This affords a
2

system for the Ku, n:
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plex unknownis eliminated. Accordingly, e-
quation (2.6) needs to be taken only for
k= O;l.

Again putting according to equation (3.2),equation
.7

}

(2.6) becomes

“s
Y- cos~a

g. (0, sin a) ~ cos2kada=Z0,k:
o (4, 11)

K–0,1~l,k+~~,3~3,k=—Z.,k; k=O;l (4,13),
m

J
F- cossa

h. (CO,sina) ~ coS2kuda =&k
o with

The solution of equation (4.13) follows the seineprocedure as for the
symmetricalcase, except that all matrices are now of two rows.

The next problem is to determine the functiom g~,k, ~,k, and 80

forth, ((4.2), (4;11)). To this end the downwash functions enumerated ear–
lier are developed in series of 0, the coefficientsbeing indicatedas
trigonometricseriee in u.

The Integrationaccording to (4.2) and (4.11),yields complex series
inmforgakandh the values between co= O and u).

n,k’
2 being

7
computed in stages of 0.2. Then the real and the imaginary part of the
equation coefficient ~,k cam be detemined with the aid of (4.4)and

(4.14),respectively. Since the solution of the coefficients of the w
aeriee g~,k md ~,k involves considerablepaper work, it is well to

know that the calculationof the integralsfor the antisymmetricalfunc–
tioneis rendered substantiallyeasier if the following relations are
taken into consideration (cf. Introduction):

COS2a
cos2ka~-

“’(0-?J)-’
‘d n““a7 dm J

——~~i HjlJ(tiTcosa) ~in[(co-~)sina]dfi

o
(n–ljl

cos?a ‘(co-m)”-:.= n

J
=-cos2ka —

sm a ‘(n–2)1
~ifi~l) (Dcosa) Gin[(co-ZS)sina]d~

o

+cos2acos2ka
Y(Y–@n-l

Jo (n–i)!ZJ~i H\l)(iDcosa)Eo~[(o -~)s”ina]d~ . . . . . . . . (4,15

and

cosza
~cos2ka&[F(y) Gin (osina)] =cosZacos2ka F (y) Eo~(a sina) . . . . . . . . . . (4, 16)

In other worde, the Integrals of the antieymmetricalfunctione can be pre–
dieted from the symmetrical functione by integrationswith reepect to m.
h the present report the relations (4.15) and (4.16) ~re used as Check

for the independentlycalculated symmetrical and antisysmetrlcalintegrals.
The resulte of the solution are tabulated and plotted.

. ...._- ____ . . .. . .. -,.,-. ,. . --- ... . ...
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If tbe eoefffolents

the foregoing seotlon are

thn (2.3),itremmts in

%,n derived In

enteredIn equa-

4

W.+z K.. mWfl*/O(z, y)e*”f . . . (5.1)

*=O

29

Sinceonly & and Q contributeto the
totallift (cf.part I), the liftd~ing
the“flappingnmtionis:

[ 1
A ~iv!

A=xQJ’:c*.~ ~OJs+co K!, o-~@K, o .=

The total moment,referred to the y-axis is

given by q# and %:

M=ze Va9. 3~[@~!,l–i@KJ,l].~ei”t. c

In the tables and curves the values of the
dimensionless coef f Icients kA and mA

The si.rtmle periodicmotionsof the oircularare given conformablyto KUssner’sdef fnition:

airfoil-givkwsay, in the form of

z~=%(z.y)ef”t.......(5.2)

can be computadthenby linearcombination
of the fa(x,y).

The dounwa8his:

~(.).*.
)

bZ“k,Y)~i,~(6,a,V(io2.(2,Y)+~

For the givenflappingmotion

for example, A.~4=—#*f
o’

that is, W.= V-$. icoe*”t

and by considerationof (1.4)and (5.1)

It is:

~.=—~v’.~im.j.(~>y)ei”~

[

4

1
__3~*.~iO WC+~wIJ.Wfi

n c m=o

Corresponding? the respective’Press~e
potentialIs

~A= —: V*+-i~[%+~o~~.~”]

“=v*.~.#[Osqf-i@ n$OK.,n~m]

The pressureSUKP,that IS) the liftden-
sityat the surface.IS thengivenby

~(z,~,~)=2Q~e*,

which in thisInetnncemeans

e s.4.S OZH(z,y,”t)=Tv~ ~ [ l—1—P

–ia~~~K,,.-]~’”.

A=ze V’c*. kA.$ei”t,

M=xe VZc3.mA.$ei’L.

The calculationsfor the relaxationoscillation
are as follows:

~B=_A. z.ei*t.

whence,accordingt: (5.3)

W,= —~. V.(iaz+l)ei”t

(

4
——

)
B. V1.im. & wk+~xk,mw’m

n==o

+B. VS.: (JVS +n$OKS#Vm).

with ~ = iuql$+ ; v?, and 96 = iusp:

the related pressure potential reads

~B=+.J%:
[
2icoq~-~UFg#,

+n$o(Ks.. +: i UJK*,.) q-].

from vhlohpreseuredistribution,lift,
and so forth,can be obtainedagain:

[
A=z~J%+: —K:, o—;w Ki,o

‘!2
~]. B.eivt+i(%m+K$,o+~a4C,0

[

%

M=neVxd.~n K&l—~WK~,I—$CO’

)1+i(@.l+~mrLl .B. d’t.

The prediction of the f lexural osc il-
lationa and of the airfoil motions anti-
synmetrlcal In Y follows the same pro-

oedure.
,.—”

,,



The respective pressure potentials are:
. .

Tn =e

the cir-
= O. The

TABLES AND DIAGRAMS

Tables 1 to 6 give the values of coefficients Ka n divided in real
9

and imeginarypart, resulting from the compensation calculation in connec–.
tion with the flow-off condition. The imaginarypert K: n is zero for
u)= o. t

The framed-in values are equal to
J%(+)= [*I”“=0

Thereal and imaginary part of the lift and moment coefficientsare
also given for the different oscillationmodes; the graphical representa-
tions show these in complex representation in the Gaussian plane of num-
bers.

Figures 11
Sginery part of

sure ~V2 and
2

to 20 show in perspective representation the real and im-
the pressure at m = O, 1.0, 1.8 referred to dynemic pres-

A B
for the amplitudes – ani – = 1, snd so forth, respec-

C c 11

tively. The values are plotted for the wing sections ~ =O; =ein~

= 0.383; = sin ~= 0.707; sin ~ = 0.924 of the right and left half of the

circular airfoil. Incidentally, It should be noted that the pressure dis-
tributionat the trailing edge of the airfoil was extrapolatedwith respect
to zero, which does not follow mathematicallybecause of the finite number
of the series terms (cf. Kinner, reference 1).
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Figures 2.Ito 24 give the cmqmriaon oflthe presented c~lculations
the values frcm the strip theory-end -from-~Pos@io-%theory (reference
By the strip theory each wing section is computed according to the

two–dimensional theory without regard to the mutual interference of the
sections and in particular % the finite span.. According to it the sta-

dca
tionary value is -— = 2s = d.28; according to Posei.o,who obtains the

formulas

premi~es
valies.

value is

da
dca 2fiA

of the lifting line %& co=0, it is —=—-
dq

‘2.44. The
AI-2

for his calculation were: great aspect ratio A and small m
According to circular airfoil theory Preference 1) the stationary
dcs,—= L.82.
&a

‘I!ranslationby J.
Naticna].Advisory
for }.eronautics.

Vanier,
Committee
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Table I. Flapping oscillation: ZA=~#*i

coefficients K.,n-K&m+i P$,n.

CiJ.f o ‘1 02 1,8 2,0

— 0,1M9 — 0,1576
OJ?789 0,3686

–Oal16 — 0~761
0,1797 0,1640
0,0183 0,1020

– 0,2161— 0,1462
03606 02330

– 0,1370— 0,068!2
– 0,1069-–0,1599
Omw o#07

0,4 0,6 1?2 1A I 1,6

~

03631 0s466
—0,6489 — o#367
o&46 0JM6
0,0042 0,0090

— 0,0475-0,0493

S.S. 288
—OJ?434—0,0622
0,4466 0,0931

— o#062 — 0,0622

0,1236 0,0241
0,0078 omo23

0,3261
— 0,4088
0,1801

0,0234
— 0,0647

— 0,1083
0,1913

— 0,1243
0,W48

0,0078

o#06
— 0,4367
0,1460

0,0466
— 0,0634

— 0,1646

O*79
— 0,1813

o@687
0,0183

O*I3 ot1786
— O*7 — 0s73

0,0837 0,0086
0,0!7660,1098

— 0,0699— 0,0743

— 0,2164— O=
0,3737 0,4387

— 0s71 — 0s2666
0,06% 0,0639
0,0366 0,0604

0,1066

— 0,1086
‘—0,0763
0,1416

— 0.0720

— 0~87

0,4739
—OJM17
0,0311
0,0927

0,0276— 0,0484
0,0281 0,1013

— 0,1609— 0$?.412
0,1668 0,1806

— 0,0600— 0,0308

— 0s313— @604
0,4725 0,4314

— 0#432 — o#06
— 0,0062— 0,0624
0,1312 0,1740

0,1044
— 0,4916
o&M38
o#08

0,1986
— 0,4647
0,3724
0$3014

T
— 0,3226— 0,0984
0,4827 0#tU6

0,1106— 0,0334

1,1120

0,1970

0s6869
— 0s191

2,6607

0,8026
0,3966

— 0,6266

1,7641
0s6222

0s67
-0,4281

0,0073 0,0266

— 0,1760— 0s3311

0,0168 0,0660

o@Qo9 0,1694

o

0

0
0

0,0643
— 0,4439
0,1466
0s?24

ion: ZB==+-. Z.8i’f.Table II. Relaxation oscilla

Coefficient Xx,m=Ki,m+iK&t..

o I 03 I 0,4 1,0 14

—0,1163— 0,0683

0,1831 0,0797

— 0,0668 0,0100,

— 0,0490— 0,0946
0,0937 0,1138

0,1866 0s2074
— oJhi33— 0s3780

O*15 o#348

— 0,1191— 0,1046

0,0111— 0,0179
,

1.6 I 1s 2.0co 0,6 1,4

0,0049
— 0,0336

i

0,0681 0,1247 0,1661

— 0,1462— 0s470— 03268

0,1646 o#282 03824

– 0,1636— 0,1767— 0,1729
0,1233 0,1013 0,0499

0,1984 0,1643 0,0927

— 0s99 — 0s2839— 0,1867
o#24 0,1724 0,1134

— 0,0283 0,0266 0,0819

— 0,1092— 0,1683--om64

– 02231 —OJ?212— osm13
0s72 0$844 Q3677

- o#446—W@l17 — 0J?213
0,0888 O,(M!8 o#648

0,0069 0,0117 o&!62

—0,1941
o&90

-0,1861

0,0361
0,041M

0,1113

— 04109
0,1698

— 0,1006
0,0s32

— 0,1613

02681

– 0,M38
– 0$041

0,0694

0,1626
— 0,2844
0$181

–-0,1171

0,0280

—0,1346

0,1261

02107
— 0s3814
o#660

— 0.0734

— 0SM86J
0,1269 o@03 0$)686

—op630 — 0,0603 — 0,1330
O*7 0,0649 0,1132

— 0,1934— 0,0382— 0,0730
0,0887 0,0166 0,0286

Lift and moment coefficients

~ ‘::mT-o#689 0,7813

0,1314 0s!2684
— 0,4634— 0s4114
0,1226 0,8466Tk; 0s93

k; o
m; — 0,4669

my o

0,6264 OA073 0,1381— 0,1637
0A020 0s6804 0,8617 L2086

– 0s3396— 0X7 — 0,1303 0,0016

w 0s4386 0,4760 0,4663

32
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Table III. Flexural oscillation a: WS=F,(#—yydVt. -

ico o I 0$) ‘0,4

0,1123 0,1077 0s0937
— 02020 — Oml —0s266
0s3034 0s944 O-

— 02466 — 0s2369— 0,!W75
0,1144,0,1057 0,0776

1s. S. 286
— O,IW -0,0323 — 0,0646

J
0,3199 00648 0,1286

— 0s360 --0$3670— 0,1306

O*33 0,0678 0,1304

— 0S817— o,0656-— 0,1066

-
0,6

0,0701
— 0,1823
0s2267

— 0,1602

—’o@945
0,1863

— 0,1861
0,1826

— Q1489

0J3’ I 1,0‘-

O#S72,— 0,0034
— 0,1212— 0,0471
6,1685 0,1015

— 0,0982— 0s0256
— 0,0271— 0,0978

—0,1185— 0,1334
0s313 0,2676

— 0s2253— o#466
02197 0,2374

— 0,1794— 0,19/s0

. .. .. .
1s2 1,4

— 0,0487— o,oe49
0,0338 0,1133
0,0311— 0,0341
00616 0,1269

— 0,1769— 0,%86

— 0,1366“— o,l”26a
o#2602 0s2360

— 0JM25— o@47
02334 o@69

— 0,1944— 0,1768

— 0,1378
0,1825

— 0s0860
0,1936

— 0,3429

—OJ606
0,1884

—0,MM4
0,1502

— 0,1430

Bending oscillation 1: Wi=D~(Z2+Y2)Cirf.

FOr the coefficient slf’’,ntherelation (c.f (1.8)): Kk,. =-; Ks,.

is applicable.

Table IV.

cl)

TT
o 0,2

k; — 0,9436— 0s9531
~; o 0,0291
mD — 0,4382— 0,4268
m; o o#202

Flexural oscillation: ZD=~;XZ.JVI.

Lift and moment

0,4 I 0,6 I 0,8
1 I

-1,0606I— 1,0999I— 1$519
0,0970 02012 o#340

— (),3828 — 0,2992 — 0,1770

II
0,0464 0,0660 0,0606

coefficients

T
1,0 1/2

— 1,4439—“1,%03
0,4840 0,6363

— 0,0248 0,1414
0,0136— 0,0878

=7=
0,7727 0s720
0,3002 0,4289

— 0,2491— 0,4675

— 0,1767
02349

— 0,1121
Ow

-0,4298

— 0$678
0,1202

— 0,0979
o@W6

— 0,0909

T
—02090
0s666

— 0,1035
03764

— 0J5243

— 0,0217
0,0402

— 0,0323
0,0229

— 0,0137

1.8 2.0
1-

— 1,9824— 1,8568
0,$129 0,8661
0,6071 0,5188

— 0,7312— 1,0239

Bending oscillation: .~=~.ya..~~t.
Lift and moment coefficients

‘m o 02 0,4 0,6 08” 1,0 IS I 1,4 1,6 1,8 !2,0

v. o 0,0023 0,0079 0,0158 0,0267 0,0436 0,0718 0,1185 0,1928 0,3042 0,4603
k: o — 0,0441— 0,0849— o,i194— 0.1437.—0,1639— 0,1472—0,1230.— 0,0841— o;b407— 0,0163
m: o’ 0,0023 0,0100 0,0236 O* 0,0658 0,0902 0,1121 0,1271 0,1296 0,1137
m;! o 0;0189 0,0359 0,0494 0,0670 0s0s65 0,0461 0,0248— 0,0070-0,0463— 0,0883

33
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Table V. Ro1l oscillation: zc=~.y.eivf:

Coefficients.x~,”=x~,-+i~j,”.

l’s I 1.80 0,4 I 0,6 0,8w 1,4

— 0,0045
0,0527

— 0,0960
0,0633

2,0

— 0,0324

0,094U
— 0,1325
0.0854

0,2254

– 02.+48
0,1050
0,ooo1

02177

—02351

0,0987
OSW21

– 0,0368

0,1065 0,1625
— o,!@74— 0,1638
0,0798 0,0508
0,0086 0,0182

— 0,0702— 0,0962
0,0968 0,1322

— 0,0730— 0,0993
0,0292 0,0396

0,1197
— 0,1000
0,0146
0,0300

— 0,1109
0,1525

— 0,1146
0,0467

0,0724
— 0,0497
— 0,0249
0,0430

—OJ118
0,1545

— 0,1170
0,0471

O,osoo
0,0067

— 0,0631
0,0661

— 0,0256
0,0628

— 0,1201

0,0767

— 0,0254
0,0889

— 0,1324

0,0877

0,0294
s. S. 286

– 0,1876
0!2593

– 0,1966
0,0793

— 0,0981
0,1374

— 0,1063
0,0440

— 0,0721
0,1029

— 0,0337

0,0264

— 0,0390— 0,0029
0,0594 0,0094

— 0,0516— 0,0136
0,0242 0,0089

$

– 0,0387

0,0157
0,0263

— 0,0091

Rolling moment coefficient mc=mb+imti.

m; o — 0,0004— 0,0022— 0,CK)81— 0,0222

m“ o 0,0246 0,0445 0,0562 0,0542

— 0,0499— 0,0963
0,0416 0,0204

— 0,1647— 0JM44— 0,3638— 0,4859
— 0,0036— 0.0231— 0,0330— 0,0287

Table VI. Torsional oscillation: z.=~.z.y”ei”f.

0,4

— 02059
02721

— 0,1911
0,0691

0,0873
— 0,1528
0,1645

— 0,0828

0,6 I 0,8 1,8 I 2,01,0 1,2 1,4 1,6

0,0768
— 0,1821
0s2312

— 0,1425

0,0120
– 0,0747
0,1267

—0,0881

w

0,0766 0,0653
– 0,1973— o,1805
0,2598 0s2622

– 0,1631— 0,1720

– 0,0466— 0,0966
0,0132 0,0979
0,0600— 0,0313

– 0,0519— 0,0100

0,0093 0,0526

— 0,0629— 0,1366

0,KM30 0,1785

— 0,0754—0,1120

0,1063 0,0650

— 0s2101— 0,1526

0s364 0,1913

— 0,1352—0,1171

—02431 ~-0,2328 — 0,1623— 0,1068
0s345 0,1190

— 0,1310— 0,0556
0,0402 0,0042

0,1187 0,1346
— 0,2084— 03396
0s114 o@60

—0,1135— 0,1333

— 0,0467

0,0258
0,0270

— 0,0355

0,1314
— OJM1O
03642

— 0,1403

0,3301]0,3148

— 0,2430— 02301

0,0943 0,0884

1s.S. 286
02344 OS*

— 0,4101

0,4146
— 0$2220

— 0,0804
0,0817

— 0,0439

Rolling mOMWit COeffiCiGnt mz=m. +imfi.
I I i r I I I I

m; 0,1276 0,1211 0,1033 0,0769 0,0434I 0,0118— 0,0119— 0,0232— 0s0188 0,0002 0,0294

m&’ 0’ 0,0139 0,0322 0,0593 0,0990 0,1625 02186 0!2927 0,3676 0,4370 0,4944
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NACA TM NO. 1098 Figs. 1,2,3,4,5,6
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Figure l.- /3and6 indicate -QS~~ ‘“
the positive

direction of the moments.
Figure 2.- Flapping oscillation A;

lift coefficients in
complex representation.

Figure 3.- Flapping oscill-
ation A; moment

coefficientsin complex rep-
resentation.

Figure 4.- Relaxation os-
cillation B.x,

lift coefficients in com-
plex representation.

w

w Y
U

w
46

e
-;
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“u Figure 6.- Bending oscillation
D.x2; lift coeffi-

cients in complex representation.,— ~j

“LJL i“ :::::::!!:a:r’:;c;;’-
ment coefflci’ents In complex

.
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NACA TM No. 1098 Figs. 7,8,9,10,11,12,13

Figure 7.- Bending o cill-
3aticn D*x ; mo-

ment coefficients in com-
plex representation.

ax -

ao6-+ — — Co.lo
I

1

0 , 7 “
4oza obQ Osa a am 412

-402

-ow 1.
10

-QOe

1“
-qok

2.dl
-Q1 J

Figure 9.- Bending oscill-
ation FsY2; mo-

ment coefficients in com-
plex representation.

@fw
f

““” ““ ‘-
.

Figure 8.- Bending o cill-
!!!!ation Foy ; lift

coefficients in complex
representation.

~ Figure 10.-
~ Rolling
I I oscillation

[ C-y; rollingw -W -0 -QZ moment in
~, complex rep-

resentation.

+

Figure 11.-
Torsional
oscillation
E-x-y;
rolling
moment in
complex
representa-
tion.

n’

as

0-- x

Figure 13.- Flapping OS-
‘ Figure 12.. Flapping oscillation Ci~latiOn A;

A; limit case of im- real pressure distribution
aginary pressure distribution. at w = 1.
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Figure 14=- ~~~~~~~g

tion A; imaginary
pressure distribu-
tion at u = 1.

A 7

-x

1?
i

-x

Figure 16.- lj’lapping
oscilla-

Uil), tion A; imaginary.: pressure distribution

H’ Figure l~.- Flappingat w = 1*80
1 oscilla-

x

Figure 17.- Relaxa-
tion

oscillation BOX; real
pressure distribution
at co = O.

tion A; real pressure
distribution at UJ =

—x

Figure 19.- ~~t:xa-

oscillation BOX;
imaginary pressure
“distributionat
u= 1.0. +

1.8.

Figure 18.- Relaxa-
tion

oscillation BOX; real
pressure distribution
at @ = 1.0.

—x
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I!JACATM Noo 1098 Figs. 20,21,22,23,24,25
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~ikure.2i0=...

Relaxation
oscillation
BOXJ imagin-
ary pressure
distribution
at U)= 1.8.

Fig~re 20.- Relaxation
oscillation B*x;

real pressure distribution
at u = 1.8.
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I -Figure 22.- Flappin~’osci.llation

●A A; lift coefficient
kAl (real part) plotted agaiIMt

20 present calculation,
‘-—-—Possiots theory,

fo -—----strip theory (two-dimen-
—G1 sional flow).

o
0,9 to 1.5 2.0 (0
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Figure 23.-
—U

Flapping oscillation- -ZO
A; lift coefficient
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Figure 25.- Relaxation oscilla- -
tion’B.x; lift coeffi-

Cit311t kBW (imaginary part).
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tion Box” lift coeffi-
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